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Abstract. Let L he a link In S^; denote by A4Af{L) the 
Morse-Novikov number of L and by t{L) the tunnel number 
of L. We prove that AdAf{L) ^ 2t(L) and deduce several 
corollaries. 



1. Introduction 

1.1. Background. Let X be a link in S^, that is, an embedding 
of several copies of to S^. First off, we recall the definition 
of three numerical invariants of L. In the sequel N{L) denotes 
a closed tubular neighbourhood of L. 

A. Tunnel Number. An arc 7 in is called a tunnel for 
X if 7 n L consists of the two endpoints of 7. The tunnel 
number t{L) is the minimal number m of disjoint tunnels 
7i? • • • ? Jm such that the closure of \ N(L U 71 U . . . U jm) 
is a handlebody. The tunnel number was introduced by B. 
Clark in 1 1 1; this invariant was studied in the works of K. Mo- 
rimoto, M.Sakuma, Y. Yokota, T. Kobayashi, M. Scharlemenn, 
J. Schultens and others (see [U], (91, [JO], HD). 

For any two knots Ki, K2 we have t{Ki =|j= K2) ^ tiKi) + 
t{K2) + 1. In the paper |8| T. Kobayashi and Y. Rieck defined 
the growth rate for a knot K by the formula 

tjmK) - mt{K) 
grt{K) = hm sup ; 

m—>-oo m — 1 

where mK stands for the connected sum of m copies of the 
knot K. We have 1 ^ gniK) ^ -t{K). 

B. Bridge numbers. Let = U H2 be a Heegaard de- 
composition of S^; put S = Hx n H2, and g = We say 
(following H. Doll |2l) that L is in a n-bridge position with re- 
spect to S if S intersects L in 2n points and S n i?i is a union 
of n trivial arcs in Hi for i = 1,2. The ^-bridge number bg{L) 
of L is defiined as the minimal number n such that L can be 
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put in a n-bridge position with respect to a Heegaard decom- 
position of genus g (thus ho{L) is the classical bridge number 
as defined n the paper 1151 of H. Schubert). We have 

t{L) + bg{L) - 1. 

C. Morse-Novikov numbers. A framing of X is a diffeomor- 
phism (p : L X — s- N{L). Let Cl denote the closure of 
\ N{L). A Morse function / : — s- 5^ is called regular 
if its restriction to the boundary dN{L) satisfies the following 
relation: {f ocj)){l, z) = |||. A regular Morse function has finite 
number of critical points; the number of the critical points of 
/ of index i wil be denoted by mi{f); the total number of crit- 
ical points of / will be denoted by m{f). The minimal value 
of m(/) over all possible framings and all possible Morse 
maps / : Cl — ^ is called the Morse-Novikov number of the 
linkL and denoted by MM{L) (see |12|). The Morse-Novikov 
theory implies that 

MAf{L)^2{b^{L) + q^{L)) 

where h-i_{L) and qi{L) are the Novikov numbers defined as 
follows. Let Cl be the infinite cyclic covering induced by / 
from the covering R ^ 5^. Denote the ring Z[t, by A, and 
the ring Z((t)) by A. Then bi{L) and qi{L) are respectively the 
rank and torsion numbers of the module Hi{Cl) A. In case 

A 

when the Novikov numbers are not sufficient to determine the 
A4J\f{L) the twisted Novikov numbers (introduced by H. Goda 
and the author in |3|) are useful. 

As for the upper bounds for AiJ\f{L) not much is known. 
M. Hirasawa proved that for every 2-bridge knot K we have 
A4J\f{K) ^ 2 (unpublished). In the papers |13| and |6| of Lee 
Rudolph and M. Hirasawa it is proved that AiJ\f{K) ^ 4gf{K) 
where gf{K) is the free genus of K, that is, the minimal 
possible genus of a Seifert surface S bounding K such that 
5^ \ S is an open handlebody. 

1.2. Main results. The main result of this work is 
Theorem 1.1. For every link L in we have 
(1) MM{L) ^ 2t{L). 

The following corollaries are easily deduced. 
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Corollary 1.2. For every g we have 

MM{L) ^2{g + bg{L) -1). 
Corollary 1.3. For every (l,l)-knotK we have MM {K) ^ 2. 
Corollary 1.4. For every link L we have 



Let m = t{L). Pick a framing (f) : L x ^ N{L). Then 
the manifold Cl = \ N{L) is obtained from OCl by attach- 
ing m one-handles and then attaching a handlebody of genus 
(m + 1) to the resulting cobordism. Thus we obtain a Morse 
function g : Cl — ^ R which is constant on OCl and has the 
following Morse numbers: mo{g) = 0, mi{g) = m, m2{g) = 
m+1, m3{g) = 1. Pick any Morse map h : Cl such that 

h\dCL is the canonical fibration: {ho<p){l, z) = |||. Consider a 
closed l-form iv^ = dg + edh. For e > sufficiently small iv^ is 
a Morse form with the same Morse numbers as dg. Therefore 
the form 



is the differential of a Morse map gi : Cl — ^ having the 
required behaviour on OCl- The map gi has one local maxi- 
mum, and the standard elimination procedure (see for exam- 
ple 1 12 1 for details) gives us a Morse function / : Cl — ^ 
with mo(/) = 0, mi(/) = m, m2(/) = m, ms{f) = 0. Thus 
MAf{L) ^ 2m. 



A theorem of M. Hirasawa says that AiAf{K) ^ 2 if K is a 
two-bridge knot. Since t{K) ^ b{K) — 1 our theorem implies 
this result. Observe that the proof of the M. Hirasawa's theo- 
rem uses the H. Schubert's classification of 2 -bridge knots, 
and can not be generalized to the case of arbitrary bridge 
number. 

The inequality (T) implies also the upper bound 



Corollary 1.5. For every knotK 

grt{K) ^ -t{K) + q^{K). 



2. Proof of Theorem 11.11 




3. Examples, and further remarks 
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obtained by Lee Rudolph and M. Hirasawa (see 1131, l6ll. In- 
deed Jung Hoon Lee |5| has shown that t{K) ^ 2gf{K). 

In many cases the estimate of Theorem 11.11 is better than 
the free genus estimate. For example, for a pretzel knot K = 
P(— 2, m, n) where m,n ^ 3 are odd numbers, we have g{K) = 
(see 14J), so that gf{K) ^ On the other hand 

t{K) = 1. 

4. The tunnel number and the homology with local 

coefficients 

Let X be a link in S^, put m = t{L). As we have ob- 
served in the previous section there is a Morse function g : 
Cl R such that g is constant on OCl and takes there 
its minimal value, and with the Morse numbers as follows: 
"rnoig) = 0, mi{g) = m, m2{g) = m + 1, ms{g) = 1. The 
function —g provides a handle decomposition of the manifold 
Cl, with (m + 1) one-handles, therefore we have the usual 
homological estimate m + 1 ^ fiz{Hi{CL, Z)). Q For the case 
of knots this estimate is trivial, however in some cases we 
can improve it using homology with local coefficients. Let 
p : 7ri(Ci,) —5- GL{q,R) be a right representation (that is, 
p{ab) = p(b)p(a) for every a,b). Denote by Cl the universal 
covering of Cl- The homology of the chain complex 

C.{Cl,p) = W®C,{Cl) 
p 

is called the homology with local coefficients p or p-twisted ho- 
mology and denoted by H^{Cl,p)- If R is the principal ideal 
domain, then we have 

(2) m + 1 ^ i /^H(-H"i(Ci,p)). 

In what follows we will concentrate on the case of knots. For a 
knot K consider a meridional embedding i : 5^ — s- Ck- Given 
a right representation p : 7ri{CK) GL{q, R) we can induce 
it to by i and obtain a local coefficient system i*p on S^. 

The following proposition is an easy corollary of the main 
theorem of the paper of D. Silver and S. Williams [161. 



^ For a finitely generated /l-module T we denote by fj,R{T) the minimal 
number of generators of T. 
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Proposition 4. 1. Let K he any knot in S^. Then there is a right 
representation^ : ^^{Ck) — ^ GL{q,R) with R a principal ideal 
domain such that 

(i) ffi(CK,7) /O, 

(ii) H^iS\i*-f) =0. 

Proof. Let us first recall briefly the Silver -Williams theo- 
rem. Consider the meridional homomorphism I : 7ri(C/<:) — s- Z 
as a homomorphism of 7ri{CK) to A* = GL{1, A), where A = 
Z[t,t~'^]. For a right representation 6 : 7Zi{Ck) GL{q,Z) 
form the tensor product p = ^ ^ 6 : 7Ti{Ck) GL{q,A). 
Consider the A-module *B = Hi{Ck,p) and choose a free 
resolution for *B : 

(3) ^ A^ A'^ 

where k ^ r. The CCD of the ideal of A generated by the 
r X r-minors of p is called the twisted Alexander polynomial 
of k with respect to p; we will denote it A{K, 6) (it is defined 
up to multiplication by ±t*). The Silver -Williams theorem says 
that for every K there is a representation 6 such that A{K,6) 
is not a unit of A. Pick such a representation and consider 
two cases: 

1) A(K, 6) is a monomial, that is A(K, 0) = at" with a G 
Z, a 7^ ±1. In this case define the representation 7 = p to be 
the composition of p with the natural inclusion GL{q, A) C 
GL{q, A). The p-twisted homology is 

A 

We can obtain a free A-resolution for this module by tensoring 
the resolution (3) by A over A. Since the CCD of elements of 
A remains the same when we extend the ring A to A (see 1 12], 
Lemma 2.3), the CCD of the r x r-minors of the matrix p 
equals a. Since A is a principal ideal domain we deduce that 
Hi{Ck, p) is non-zero and moreover it contains a cyclic direct 
summand. The property (ii) is easy to check. 

2) A{K, 6) is a polynomial of non-zero degree. In this case 
consider the ring Aq = Q[t, This ring is principal and 
A{K, 0) is not invertible in it; define the representation 7 = p 
to be the composition of p with the natural inclusion GL{q, A) C 
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GL{q, Aq). The same argument as for the point 1) works here 
as well. □ 

Proposition 4.2. Let K he any knot in S^. Then there is A > 
such that for every n G N we have t{nK) ^ nX — 1. 

Proof. Pick a representation 7 : tt-i{Ck) — ^ GL{q, R) satis- 
fying the conclusion of Proposition I47T1 The module H^{Cki p) 
contains then a cyclic i?-submodule T. 

Lemma 4.3. For any n ^ 1 there is a right representation '• 

7ri{CnK) GL{q,R) such that the module = Hi{CnKiln) 
contains a submoduie isomorphic to nT. 

Proof. We proceed by induction in n. Denote by /x G t^i{Ck) 
the meridional element. Assume that we have constructed 
7„ : 7ri(C„x) GL{q, R) in such a way that 7,^(/x) = 7(/x). 
The group '7Ti{C(^n+i)K) is isomorphic to the amalgamated prod- 
uct of the groups '7Ti{Ck) and 7ri{CnK) over the subgroup Z 
included to both groups via the embedding of the meridian. 
Let 7ri+i : TTiiC(^n+i)K) — ^ GL{q, R) be the product of the rep- 
resentations 7 and 'jn. Using the property (ii) from 14. II and 
the Mayer -Vietoris exact sequence it is easy to deduce that 
the module *B(n+i) = H-i_{C(n+i)K,7{n+i)) contains a submod- 
uie isomorphic to the direct sum of T and nT. □ 

The previous Lemma implies that ^iR{fBn) ^ n. Our propo- 
sition follows, since 

1 n 
t{nK) + 1 ^ - /xr(23„) ^ -. 

q q 

□ 

Corollary 4.4. For any knot K we have 

gn{K) > -t{K). 

□ 

5. Generalizations and a question 

The generalization of the results of the Section 11.21 to the 
case of knots and links in an arbitrary closed 3-manifold are 
straightforward. The same goes for the formula (2). On the 
other hand it is not clear at all whether the Proposition 14. II 
and 14. 2 1 admit such generalizations, since the analogs of Silver - 
Williams theorem for arbitrary three-manifolds seem to be out 
of reach for the moment. 
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Question. Are the inequalities (2) sufficient to determine 
the tunnel number for every link? In other words is it true 
that 

(4) t{L) + 1 = max (- tin{H^{CL, p))) . 

where p ranges over all right representations 7ri{CL) — ^ GL{q, R)? 

6. Acknowledgements 

This work was completed during my stay as a GCOE visitor 
at the Graduate School of Mathematical Sciences at Tokyo 
University. Many thanks to T. Kohno for warm hospitality. 

I am grateful to Hiroshi Goda for many valuable discussions 
on knot theory since several years. 

REFERENCES 

[1] B. Clark, The Heegaard genus of manifolds obtained by surgery on 
links and knots, Internat. J. Math, and Math. Sci. VoL3 No.3 (1980), 
583-589. 

[2] H. Doll, A generalized bridge number. Math. Ann. 294, 1992, pp. 701- 
717. 

[3] H.Goda, A.Pajitnov, Twisted Novikov homology and circle-valued 
Morse theory for knots and links, e-print: math. GT/03 12374, Journal 
Publication: Osaka Journal of Mathematics, v.42 No. 3, 2005, p. 557 
- 572. 

[4] H.Goda, H. Matsuda, T. Morifuji, Knot Floer Homology of ( 1 , l)-Knots, 
Geometriae Dedicata, Volume 112, Number 1, April 2005 , pp. 197- 
214. 

[5] Jung Hoon Lee, An upper bound for tunnel number of a knot using free 

genus. Talk at 4th East Asian School of knots, http://faculty.ms.u- 

tokyo .ac.jp/ ^topology /EAS4slides / JungHoonLee . pdf 
[6] M. Hirasawa, Lee Rudolph, Constructions of Morse maps for 

knots and links, and upper bounds on the Morse-Novikov number, 

math.GT/031 1 134, to appear in J. Knot Theory Ramifications. 
[7] T. Kobayashi, A construction of arbitrarily high degeneration of tunnel 

number of knots under connected sum, J. Knot Theory Ramifications 

3, (1994) p. 179-186. 
[8] T. Kobayashi, Y. Rieck, On the growth rate of tunnel number of knots 

math.GT/0402025, J. Reine Angew. Math. 592 (2006) 63 - 78. 
[9] K. Morimoto, On the additivity of tunnel number of knots. Topology 

Appl., 53, No. 3 (1993), p. 37-66. 
[10] K. Morimoto, M. Sakuma, Y. Yokota, Examples of tunnel number one 

knots which have the property "1+1=3", Math. Proc. Camb. Phil. Soc, 

119 (1996), p. 113-118. 
[11] K. Morimoto, On the super additivity of tunnel number of knots. Math. 

Ann., 317, No. 3 (2000), p. 489-508 



8 



A.V.PAJITNOV 



[12] A.V.PaJitnov, C.Weber, L.Rudolph, Morse-Novikov number for knots 
and links. Algebra i Analiz, 13, no. 3 (2001), (in Russian), Eng- 
lish translation: Sankt-Petersbourg Mathematical Journal. 13, no.3 
(2002), p. 417 - 426. 

[13] Lee Rudolph, Murasugi sums of Morse maps to the circle, Morse- 
Novikov numbers, and free genus of knots, math. GT/0 108006. 

[14] M. Scharlemenn, J. Schultens, Annuli in generalized Heegaard split- 
ting and degeneration of tunnel number. Math. Ann 317 (200) No. 4, 
783-820. 

[15] H. Schubert, Uber eine numerische Knoteninvariante, Math. Z. 61 
(1954), 245-288. 

[16] D. Silver, S. WiUiams, Twisted Alexander polynomials detect the 
unknot. Algebraic and Geometric Topology, 6 (2006), 1893-1907. 
arXiv:math/0604084v3 [math.GT] 

Laboratoire Mathematiques Jean Leray UMR 6629, Universite 
DE Nantes, Faculte des Sciences, 2, rue de la Houssiniere, 44072, 
Nantes, Cedex 

E-mail address: pa j itnovgmath . univ-nantes . f r 



